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e Definition (Human Migration)

It is the movement that people do from one place to another with the
intention of settling temporarily or permanently in the new location

Many social and economical factors affect the dynamics of human
populations, such as poverty, violence, war, dictatorships,
persecutions, oppression, genocide, ethnic cleansing, climate change,
tsunamis, floods, earthquakes, famines, family reunification as well as
economic and educational possibilities or a job.
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(International Migration Report, 2017).

Introduction

Between 2000 and 2015, migration contributed 42% of the
population growth in Northern America and 31% in Oceania. In
Europe, the size of the total population would have declined during
the period 2000-2015 in the absence of migration.

During 2018 Mediterranean arrivals were 141,475, with more than
2,000 dead and missing people.

From 2018 until January 2019, 17% of arrivals by sea were registered
in Italy, compared to 69% in 2017 (UNHCR).
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@ Aleshkovski and lontsev, (EOLSS): general framework for
analyzing migration at macro and micro levels and a basis for
policy-analysis.

o Cui and Bai, 2014: evolution of population density and spread of
epidemics in population systems.

@ Volpert, Petrovskiic, Zincenkoc, 2017: interaction of human
migration and wealth distribution.

@ Nagurney, 1990: network equilibrium model and reformulation of
the equilibrium conditions as the solution to an equivalent
quadratic programming problem.

o Kalashnykov and Kalashnykova, 2006: equivalence of the

equilibrium to a solution of an appropriate variational inequality
problem.
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G. Cappello, P. Daniele, A Variational Formulation for a Human
Migration Problem, in AIRO Springer Series, 2019.
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Functions, parameters and decisions variables of
the model

Definition

vi(p") Destination utility function of any location j as
percieved by the class k

uk(p¥) Origin utility function of any location i as
percieved by the class k

/5,4‘ Initial population of class k in location i

pf‘ Population at location 7 of class k

c,-jf(f) Movement cost from i to j for the class k

cj’,f(g) Movement cost from j to i for the class k

fif‘ Migration flow from j to j of class k

gj’f Migration flow from j to i of class k

w,.j.”“(p7 f,g) Influence coefficient taken in account by an individual
of class k moving from i to j

W,-j-‘*(p7 f,g) Influence coefficient conjectured by an individual

of class k moving from i to j
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K= pk— Z F+> gk Vi=1,..n Vk=1...J (1)

mathematical
model j;!: J#i

After the potential movement of migrants from location /i to location
J, each person of class k expects:

@ a variation of the utility function value at j:
avE(p)
Kkt (ph fh k)2

gjl jl (p Y )g ) apjk I

@ a variation of the utility function value at /:

uf(p*)

k k k
f;j _/ (p f 7g) apl
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The optimization model

Social Optimum

UK(pk, %, g¥)

max
(k. )Rt

duf(p")
_ K k=(pk ik ghky Ui
- kfk k)eKkZZ< f;.l ij (P ’f '8 ) ap’k

i=1 Jj=1
J#i

—ci(f) — ¢i(g") -

o gt o 1,69 4

where

S T R S ES DA
j=1

i i

n n
S OfE< BV gk < B, \ﬁ}-
j=1

i=1
Edl i#j
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Variational formulation

J
H K* solution <
k=1

(p*,f*,g")e K=

n n n

aW_Ig+(pk*, fk*’

g") ovf(p*)

>3 (Mg 2

2 ;
I=1 i=1 /=1 ap/
J#i
k( k* €
_gk k+( kx phox k*)azvj ('D ) _ 8“;((pk )
i i 9p}opf apf
aWk (pk* fk* gk*)a (pk*) f-k k ( s f-k*
U apl apl p ) )

k k
(P — PI™)

g)

Opk

J

o%u k
opk ap,

)
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+ZZXJ: ( o OWIT (PR, FR gh) OvE(pk*)  Dck(FF)
—&ji X K K
i=1 = k=1 of; op; ot}
J#i
ariationa * k— K ko Kk ©
;lormulatioln +Wk7 ('Dk* f.k* gk*)aulk(p ) " fk* aW’J (P ) f ;8 ) 8U’k(pk )
g ) ’ ap’k U afuk 8p,k
(ff = )
n n J k( k*
+ Z <_lelf+(pk,fk’gk) Ja .
j=1 :lj:Jl, k=1 Pj
~ k*awjl;ﬁL(pk*’ fk*,gk*) avjk(pk*) acjllg(gk*)
! Oejf opf Oejf
k—( kx fkx kx «
i gk o )& &)=
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out(p*,t*. g *
V(p.f,g) ZZ¥(& i)
j=1 k=1 pJ
J#i
Variational
formulation aU p f Y g ) kx
Yy e A
i=1 Jj=l k=1
J#i
3U ,D f* ag ) k kx
153) 3 pLLALAALRTFENE)
j=1 "#Jl k=1 Jji

hence:

V(p,f,g) > 0in K and mKin V(p,f,g)=V(p*,f*,g*)=0.
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SIS 5 Dy B

i=1 k=1 i=1 =1 k=1
Lagrange Theory &4
k3
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j=1 i=l k=1 i=1 k=1
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i=1 k=1 J=1 k=1
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and k =1,...,J, the following conditions hold true:

k1 k2 ~k3

A (=pf) =0, N (=) =0, X;i(-g) =0, (2)

n

i=1

Lagrange Theory

F

W(Ijg—ﬁ = Xﬁd + iy =0, (4)
W@;—W —Xj + Bk + T =0. (5)
oUK(p", f*,8") _ Xi + Ay + B = 0. (6)

ogk (
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Moreover, the strong duality also holds true, namely:
e ey V(,D*, f*a g*) = mKin V(P, f? g)
= max min L(p, £, g\ N, N30t 12, 1),

Aerdn 32 3er (=1 (p,f,g)€RIn2In(n=1)
plernt, ;2,3 Ry
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K{( % f‘* * o
QUL I8 32—, Vi, i #) and k

k

o]

n
ko kx _ —k
Lagrange Theory fi >0’Z1: f;j = Pi .

=
i oU*(p*,f*, g* .
17/:> (p ’g):_ﬁ}la Vlv.h ’#Jandk

k
or}

o0 QUHP F,8%) _qi

1 . . .
i Miks VI, J,n, l#./ and k
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Lagrange Theory i

In conclusion, we highlight that all the Lagrange variables give a
precise evaluation of the migration phenomenon
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— Migration flow

k  Migration class

Fig. 2: Multiclass migration network for the first numerical example
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Origin utility function = —17.7(p})?
= —0.9(p3)?
= —4.04(p3)?
= —27.8(p;)?
Numerical Sou rce: https://data.worldbank.org/
saneis Destination utility function v4 = 6.31(p})?
vs = 1.9(p3)?
Vo = 516(/)%)2
Source: https://tradingeconomics.com/
https://www.statista.com/
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Movement cost c14 = 3166.5f}
Cogq = 1250f214
C34 = 350/'}’14
C45 = 350&15
: C46 = 350&16
Eampien a1 = 3166.5g),
a2 = 125083,
a3 = 350g;3
Cpg = 35Og514
Coa = 35088
Source: https://www.mindsglobalspotlight.com
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Initial population
p1 = 4846976
ps = 38647803
p3 = 11273661
ps = 1036653
ps = 740000
pe = 2692236
Sameles Source: https://www.worldometers.info/; ISTAT; INEED.
Conservation of flow equations

p1=p1t — fa
p2=pt — 154
ps = p3' — fyy
Pa = Pa’ + g1 + 842 + 843 — fas — fis
ps = st — gis

Pe = P_61 — g}s
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Year Influence coefficients

Optimal flows

2015  wy, =0.8; w,, =0.8
wy, = 0.8; wyy = 0.5
we = 0.5 wy, = 0.1
WQ-Z =0.1 W3'Z =0.1
W;g =0.1 W:'é =0.1

Numerical
Examples

fis — 25642711, 16
s =0
fa =0
fis =0
fa6 = 1036653, 232

2016  wy, =0.9; wy, =09
wy, = 0.9; w,; =0.3
we = 0.3 wy, = 0.1
Wz'z =0.1 W3'Z =0.1
W4-E =0.1 W:'é =0.1

fi4 = 9716195, 819
f4 = 10732881, 68
fa=0

fas = 5987306, 587
fa6 = 19655404, 58
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Year Influence coefficients Optimal flows

2017w =1 wy =1 f1i4 = 23384293, 81
wi, =1; wy; =05 f»4 = 5516191,532
Wy = 0.5 Wﬂ:OQ f2a =0

W2+4 =025w;; =025 f15=0
wes = 0.2 wyf = 0.2 f26 = 10732881, 68

Numerical
Examples

2018wy, =1 w, =1 fis = 34117175, 49
Wy = 1; wy; = 0.6 fos = 3026572, 161
Wy = 0.6 Wﬂ:0.4 f2a =0
W§20.3 W§:0.3 fas =0

wi; =03 w;; =03  fs = 5516191, 068
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Figure: Optimal flows and populations
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Extended models

@ Comparison between the social and the migrant’s point of view

@ Introduction of governmental regulations

Future research
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